Abstract In this paper, we construct a family of elliptic curves with rank ≥ 5. To do this, we use the Heron formula for a triple (A 2 , B 2 , C 2 ) which are not necessarily the three sides of a triangle. It turns out that as parameters of a family of elliptic curves, these three positive integers A, B, and C, along with the extra parameter D satisfy the quartic Diophantine equation
Introduction
As is well-known, the affine part of an elliptic curve E over a field K can be explicitly expressed by the generalized Weierstrass equation of the form E : y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 ,
where a 1 , a 2 , a 3 , a 4 , a 6 ∈ K. In this paper we are interested in the case of K = Q. By the Mordell-Weil theorem [23] , every elliptic curve over Q has a commutative group E(Q) which is finitely generated, i.e., E(Q) ∼ = Z r × E(Q) tors , where r is a nonnegative integer called the rank of E(Q) and E(Q) tors is the subgroup of elements of finite order called the torsion subgroup of E(Q).
By the Mazur theorem [21] , the torsion subgroup E(Q) tors is one of the following 15 types: Z/nZ with 1 ≤ n ≤ 10 or n = 12, Z/2Z × Z/2mZ with 1 ≤ m ≤ 4. Besides, it is not known which values of rank r are possible. The folklore conjecture is that a rank can be arbitrarily large, but it seems to be very difficult to find examples with large ranks. The current record is an example of elliptic curve over Q with rank ≥ 28, found by Elkies in May 2006 (see [5] ). Having classified the torsion part, one interested in seeing whether or not the rank is unbounded among all the elliptic curves. There is no known guaranteed algorithm to determine the rank and it is not known which numbers can occur as the ranks.
Previous Works
Let D be a non-zero integer. The curve
has been considered by many mathematicians. Note that the congruent number elliptic curve belongs to this category by D = −n 2 . By taking D = p, where p ≡ 5 (mod 8) and less than 1000, Bremner and Cassels [1] show that the rank is always 1 in accordance with the conjecture of Selmer and Mordell. Kudo and Motose [11] studied the case D = −p, where p is a Fermat or Mersenne prime and found the ranks 0, 1 and 2. By taking D = pq, where p and q are distinct odd primes, Yoshida [24] showed that the rank is at most 5. In [7] , the authors take D = −n, where n = u 4 + v 4 = r 4 + s 4 and prove the rank is at least 3. Moreover, they show that if n is odd and the parity conjecture is true, then the rank is at least 4. Maenishi [13] studied the case D = −pq, where p and q are distinct odd prime numbers and by imposing an extra condition found a rank 4 family.
In the case of D = −n 2 ( congruent number elliptic curve), many authors have attempted to find curves with high ranks. Rogers [17] , using an idea of Rubin and Silverberg [19] , found two curves with ranks 5 and 6. Later, he found [18] a curve with rank 7. In [3] , by using Mestre-Nagao's sum [4, 15, 16] , the authors wish to find congruent number elliptic curves with high ranks. They succeed to find new congruent elliptic curves with rank 6. Johnstone [10] , in her Master thesis provides an in depth background on congruent numbers and elliptic curves and then, presents a family of congruent number elliptic curves with rank at least three.
In this work we consider the elliptic curve
over the K3 surface
where, S = S(A, B, C, D) is a rational function of A, B, C and D. We prove that the group of rational maps P : T −→ E, that commute with the projection E −→ T , has rank at least 5. We do this by exhibiting five explicit sections P 1 , P 2 , P 3 , P 4 , and P 5 , and later showing that they are independent.
We use the fact that T (Q) is infinite to deduce that infinitely many specializations of E have the rank at least 5 over Q. This is done by using some elliptic curves of positive rank lying on T that we found in [8, 9] . A natural question is that whether the set of rational points T (Q) is Zariski dense in the K3 surface T . The following theorem answers the question affirmatively.
* be nonzero rational numbers with abcd square.
, and suppose that x 0 y 0 z 0 w 0 = 0 and let P is not contained in one of the 48 lines of the surface. Then the set of rational points of V is Zariski dense in V as well as dense in the real analytic topology on V (R) .
Proof [12] , Theorem 1.1.
The point (21, 19, 20, 7) is on V 1,1,−2,−2 and satisfies the hypotheses of above theorem, so it shows that the rational points on the surface V 1,1,−2−2 are indeed dense in Zariski topology, and also in the real analytic topology.
Definition of rational function S
In this work we deal with a family of elliptic curves which are related to the positive integer solutions of the diophantine equation
as follows. Heron formula states that for a triangle with sides a, b and c, one can get the area of the triangle by the formulae:
where
, where (A, B, C) are as in equation (2). Since the triple (A, B, C) is arising from the Diophantine equation (2), there is not guarantee to have a real triangle. Now by taking a = A 2 , b = B 2 , and c = C 2 , we find that
Expanding (4), one gets
Multiplying both sides by A 2 B 2 yields
Taking y = AB
, we get the following family of elliptic curves:
Since the roles of A, B, and C are symmetric in the Heron formula, we have the following points on the family (5) also.
Next we wish to impose two more points on the curve (5) 
Let
then by substituting A 4 = 2B 4 + 2C 4 − D 4 in (6), we get
Thus, the point
is a new point on (5). Similarly, one can easily check that the point
It is clear that the existence of these extra points on the family depends exactly on the existence of the solutions of the Diophantine equation
In the next stage, we will talk about the torsion subgroup of the (5).
4 The Torsion subgroup of (5) Before starting the argument on the torsion subgroup of (5), let us recall the following theorem which reveals the structure of torsion subgroup for elliptic curves of the form y 2 = x 3 + Dx, where D ∈ Z and is fourth-power-free integer.
Theorem 2 Let D ∈ Z be a fourth-power-free integer, and E D be the elliptic curve
Then,
Proof See [22, Proposition 6.1, page 346]
Remark 1 From the appearance of (5) and also Theorem 2, one may guess that the family defined in (5) is a congruent number elliptic curve family and so, the torsion group is Z/2Z × Z/2Z. In the following we show this is not the case. First of all, one should be aware of the probable values of S in (4). As (A 2 , B 2 , C 2 ) does not necessarily construct a triangular, there is no guarantee for S to be a real or an imaginary number in equation (4) . In the former case S is real, while in the later one S is an imaginary number. In the case of real valued S, we see that the coefficient of x in (5) is negative. But if S is an imaginary number, the coefficient of x would be positive in (5) . Moreover, S = 180 √ 979 shows that it is not necessary for 4S 2 to be a perfect square. In this case, whether or not the value of 4S 2 be a perfect square, the torsion subgroup of (5) is Z/2Z × Z/2Z or Z/2Z. If S is an imaginary number, then the coefficient of x in (5) is positive. Therefore, the torsion subgroup of (5) is Z/2Z.
Finding the solutions of the equation
In [8] Izadi and Nabardi found infinitely many integer solutions of this equation. Their method is based on the points of the elliptic curve y 2 = x 3 − 36x with a generator (−3, 9) explained as follows: Let P n = (x n , y n ), where P n = n · (−3, 9) (n ∈ N) is a point on the elliptic curve y 2 = x 3 − 36x, one gets
, where φ n and ψ n are n-th division polynomials ( see [23, pp.80-83] ). Therefore, we define a family of elliptic curves by
As we discussed above, there are 5 points on (9) which are given by: (9) is a family of elliptic curves with rank ≥ 5.
In a separate paper [9] , the authors found another set of solutions for (7). Let us briefly recall this method. The smallest known solution for (7) is (A 0 , D 0 , B 0 , C 0 ) = (21, 19, 20, 7) . Dividing the equation (7) by C 4 , we get
Now (x 0 , y 0 , u 0 ) = (3, 19/7, 20/7) is a solution for (10) . In this stage we define
Putting these in (10), yields 
If we let R = 0, then from (14) 
Therefore the new rational solution for (10) is:
Equivalently,
is a new solution for (7) . Again by repeating the same argument, we can find another solution for (7) . Corresponding to (607, 1999, 951, 1640), we have
using MWRANK [2] , one can show the rank is 8. Let (181, 2077, 1247, 1620), then we get
In this case, the rank is 6.
